A major ingredient in the proof of this is a result about arithmetic groups. Let G be an algebraic matrix group defined over Q, and denote by Let G < GL n be an algebraic matrix group defined over Q, and let n m now denote the canonical map 
S.). Every ~G-class of'soluble-by-finite subgroups ofG(Z) is the union of finitely many conjugacy classes in G(Z)-

THEOREM 5 [GS2]. Every ~G-class of Z-submodules of Z n is the union of finitely many orbits of G(Z).
For the next result, let J O be the ring of integers in an algebraic number field and denote by P the set of all nonzero prime ideals of o. Call a subset Q of P ample if every subgroup of finite index in the units group s * of o contains a subgroup of the form (1 +a)Ho* where a is an intersection of members of £.
THEOREM 6 [GS3] . If F is a finite subset of Vand P -F is partitioned into finitely many subsets, then at least one of these subsets is ample.
OUTLINE PROOF OF THEOREM 1. Consider a set C of polycyclic-by-finite groups, contained in a single "-class. By Theorem 3 we may assume that for each G G C, the Fitting subgroup N G of G is torsion-free and G/N G is free abelian. Since [P3] N G is the Fitting subgroup of G, we may apply the special case of Theorem 1 for nilpotent groups [PI] and assume that the groups N G for G E C are all isomorphic. We then use Theorem 2, applied to the arithmetic group Aut(iV G ), to reduce to the case where the action of G on N G is the same for all G E C ; i.e. the pairs (G/i x (N G The idea is now to form semisimple splittings of the groups in C (see [T] (Z) . A second application of Theorem 2 completes the proof.
Our construction of semisimple splittings differs from those in the literature. Roughly speaking, we construct a certain canonical family K(G) of nilpotent supplements for N G in G, G being any poly cyclic group. To get the required "uniformity", we then choose C G /Q G G X(G/Q G ) simultaneously for all G G C, using the isomorphisms between the groups G/Q G . The group T G is defined to act trivially on C G and to act like the Jordan semisimple component of lrm(C G )\ N on N G \ the existence of such a T G is a direct consequence of the fact that C G is nilpotent.
OUTLINE PROOF OF THEOREM 2. Consider an algebraic Q-group G and a set C of soluble-by-finite subgroups of G(Z), contained in a single ~G -class. Using Theorem 4 and induction on derived length, we may assume that C consists of abelian groups. Now consider some special cases. If C consists of unipotent groups, the result is an easy consequence of Theorem 5. If C consists of abelian d-groups and G = GL n , the result is proved with the help of Theorem 6: suppose X ~G Y in GL n (Z)\ we diagonalize X and Y over some ring o of algebraic integers, and then for each prime $ of J O we find a permutation matrix a(|o) such that Y = X°(^ mod \). There exists a permutation matrix r such that {^loQa) = r} is ample, and one can deduce that then Y = X T . To deduce the result for abelian ^/-subgroups in a general G one uses the conjugacy of maximal tori.
A major part of the proof consists in reducing the problem to the special cases mentioned; this involves a series of rather complicated arguments which we cannot go into here. At several points in the proof, and particularly in the proof of Theorem 5, a key role is played by finiteness theorems of Borel [B] and BorelSerre [BS] .
